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Abstract. Consider the following quasilinear Dirichlet problem{
−∆puε = fε in Ωε = Ω\Tε
uε = 0 on ∂Ωε
(Pε)
where 1 < p ≤ 2, (fε) a sequence of functions in Lp
′
(Ω) such that fε → f
in Lp
′
(Ω) where p′ is the conjugate of p, Ω is a bounded domain in RN
(N ≥ 2) and Tε the union of inclusions contained in Ω which are ε -
periodically distributed. In this paper we give the limit problem and errors
estimates for the problem (Pε).
1. Introduction
We consider here the homogenization of the following quasilinear Dirichlet
problem {
−∆p uε = fε in Ωε = Ω\Tε
uε = 0 on ∂Ωε
(Pε)
where,
• ∆pu = div(|∇u|
p−2
∇u)
• 1 < p ≤ 2
• (fε) is a convergent sequence of functions to f in L
p′(Ω), p′ is the







• Ω is a bounded domain in RN (N ≥ 2) which contains small inclusions
Tε,j (j ∈ N) periodically distributed in Ω with period ε, Tε,j are defined
by translating εT , where T is a closed connected regular domain inside
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the unit cube Y =]−12 ,
1
2 [
N of RN . Tε is the union of all the periodic
inclusions Tε,j.










fε v dx, v ∈W
1,p
0 (Ω) , v = 0 on Tε

 (Dε)
by standard argument, the problem (Dε) admits a unique solution uε, which
is the unique weak solution of (Pε).
In section 2, we give some estimates for the Lp-norms of uε and ∇uε in







|∇v|p dx − p
∫
Ω
fε v dx, v ∈W
1,p
0 (Ω) , v = 0 on Tε

 (D∗ε)
The goal of this section is to prove the epi-convergence of the problem








|v|p dx − p
∫
Ω
f v dx, v ∈ Lp(Ω)

 (D∗)
where w is the solution of the problem

−∆pw = 1 in Y \T
w = 0 in T











fεv dx v ∈ W
1,p
0 (Ω), v = 0 on Tε









fv dx v ∈ Lp(Ω)
that means
i) ∀v ∈ Lp(Ω), ∃ (vε) ∈W
1,p





Fε(vε) 6 F (v),
and
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ii) For all (vε) ⊆W
1,p
0 (Ω), vε = 0 on Tε, (Fε(vε)) bounded and




Fε(vε) > F (v);
the proof of this property is based on Tartar’s method using test func-
tions.
For a detailed study of the concept of epi-convergence, we refer to [1].
In section 3, under some hypothesis on the sequences (fε) (Theorem 3.1),
we give error estimates for convergences obtained in section 2.
The new aspects of these results are concentrated in Lemma 2.7 and The-
orem 3.1. The proofs of these results are based on several vectorial inequalities
given for example in [8] and [12].
For p = 2 and fε = f (for all ε), the convergence of (Dε) as ε → 0 has
been studied (see, [3], [11], [13]).
For p ≥ 2 and fε = f , the limit problem of (Dε) as ε→ 0 is giving in [9].
For fε = f and p ≥ 2, the error estimates for the homogenization of (Dε)
are given in [10].
Case 2 ≤ p <∞ [2] (in preparation).
For a presentation of the homogenization theory see [4].
2. Convergence of (D
ε
)
2.1. Estimates for u
ε
. The weak lower semicontinuity, coercivity and strict








defined on the closed convex set
{
v ∈W 1,p0 (Ω), v = 0 on Tε
}
of W 1,p0 (Ω) im-
plies the existence and uniqueness of a solution uε of the problem (Dε), that
is a weak solution of (Pε).
Proposition 2.1. There exists a constant c independent of ε such that
‖uε ‖Lp(Ω) ≤ c ε
p/(p−1) and ‖∇uε‖(Lp(Ω))N ≤ c ε
1/(p−1).
Proof. From “nonstandard” Poincare´’s inequality (where v in
W 1,p(Y \ T ) and v vanishes on a part of ∂(Y \ T )), there exists a constant
c > 0 such that, for v ∈ W 1,p(Y \ T ), v = 0 on T we have∫
Y \T




Then, for v ∈ W 1,p(Y ), v = 0 on T we have∫
Y
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By the change of variable y =
x
ε
we deduce that, for every vε in W
1,p(εY )
such that vε = 0 on εT, we have∫
εY
|vε|





Then, since uε = 0 on Tε we have∫
Ω
|uε|





which is equivalent to
‖uε ‖Lp(Ω) ≤ c ε‖∇uε ‖(Lp(Ω))N .











≤ ‖fε ‖Lp′(Ω) ‖uε ‖Lp(Ω) ≤ c ‖uε‖Lp(Ω)
(because the sequence (fε) is bounded in L
p′(Ω)). It follows that
‖uε‖
p
Lp(Ω) ≤ c ε
p‖uε ‖Lp(Ω) ,
so





where c is a constant.
Remark 2.2. We deduce from Proposition 2.1 that (u
ε
) is bounded in
W
1,p
0 (Ω) and then admits a converging subsequence, still denoted by (uε).























v dx v ∈W 1,p0 (Ω) , v = 0 on Tε

 .
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2.2. Convergence of (D∗ε).









|v|p dx − p
∫
Ω
f v dx, v ∈ Lp(Ω)


where w is the solution of the problem


−∆pw = 1 in Y \T
w = 0 in T





i) u∗ε ⇀ u
















For proof of this theorem we use the following lemmas giving in [10, 2].
From properties of the epi-convergence notion (see [1, 5, 6, 7]), we get the
limit problem of (D∗ε) by using a direct proof making use of suitable test
functions.







, for x ∈ εY \εT
wε = 0, on εT






1,p(Ω), wε = 0, on Tε,
wε ⇀m(w), in L
p(Ω),
εp|∇wε|
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0 (Ω), vε = 0 on Tε,










Lemma 2.7. Let v ∈ Lp(Ω) and vε ∈W
1,p
0 (Ω) such that


vε = 0 on Tε
vε ⇀ v in L
p(Ω)














Proof. Let ϕ ∈ D(Ω) and ϕε =
1
m(w)
ϕwε. By using inequality for
























p−2ε∇(ϕwε)ε∇(vε − ϕε) dx
by using (3.5) of Lemma 3.1 given in [12] we obtain known inequality for
1 < p ≤ 2
(I) ∃α > 0 ∀X,Y ∈ RN |X |p−2X − |Y |p−2Y | ≤ α|X − Y |p−1

















p−1|ε∇(vε − ϕε)| dx .
Since εwε → 0 (by Lemma 2.5) and (ε∇ϕε), ( ε∇vε) bounded in L
p(Ω) (by















p−2εϕ∇wεε∇(vε − ϕε) dx.
Introducing the following function
Tε(s) =
{
|s|p−2s, if |s| > ε
|ε|
p−2
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(from Ho¨lder’s inequality). Since the sequences (|ε∇wε|) and (|ε∇(vε − ϕε)|)







































p−1| (vε − ϕε) | dx
≤ c εp−1 ‖ ε∇wε‖
p−1
(Lp(Ω))N
‖ vε − ϕε ‖Lp(Ω)
(by using again Ho¨lder’s inequality). Since the sequences (|(ε∇wε)|) and
(| vε − ϕε|) are bounded in L


















Tε(ϕ)(vε − ϕε) dx
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(by the definition of wε). Since∫
Ω
Tε(ϕ)(vε − ϕε) dx =
∫
Ω







(vε − ϕε) dx
and (from Ho¨lder’s inequality)∣∣∣∣∣
∫
{x∈Ω:|ϕ|≤ε}
(|ε|p−2ϕ− |ϕ|p−2ϕ) (vε − ϕε) dx















|ϕ|p−2ϕ (v − ϕ) dx


































|ϕ|p−2ϕ (v − ϕ) dx












Proof of Theorem 2.4. Let v ∈ D(Ω). By Lemma 2.6 there exist vε
in W 1,p0 (Ω) such that

vε = 0 on Tε,










Now, by Proposition 2.1, the sequence (u∗ε) is bounded in L
p(Ω) and admits
a weakly converging subsequence in Lp(Ω) still denoted by (u∗ε).
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Let u∗ = lim
ε→0



























































(by Lemma 2.6 and this for all v ∈ D(Ω)). Then by the density of D(Ω) in





|u∗|p dx − p
∫
Ω









which is equivalent to: u∗ is the solution of the minimization problem (D∗).
But the unique solution of the problem (D∗) is m(w) |f |p




In this paragraph, we establish error estimates for the convergence ob-
tained in Theorem 2.4.




‖fε − f ‖∞ ≤ c ε









c εr(p−1), if 0 < r < 1

















c εr(p−1), if 0 < r < 1
c εp−1, if r ≥ 1
.
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− wε g with g = |f |
p′−2f . Since vε = 0 on
Tε we have
‖ vε ‖Lp(Ω) ≤ c ε‖∇ vε ‖(Lp(Ω))N
(see proof of Proposition 2.1). Let us estimate ‖∇ vε ‖(Lp(Ω))N :
Using the known inequality for 1 < p ≤ 2 (see for example [12,
Lemma 3.1])
∃ c > 0 |X − Y |2 ≤ c (|X |+ |Y |)2−p (|X |p−2X − |Y |p−2Y )(X − Y )

































− |∇(wε g) |






































































) |p + |wε |











(by using Proposition 2.1 and Lemma 2.5).
386 L. BOUKRIM, A. HAKIM AND T. MEKKAOUI













































Since (by Ho¨lder’s inequality, by Lemma 2.5 and Proposition 2.1)∫
Ω
|∇wε |























p−2∇(wε g)∇ vε dx




































p−1 |∇ vε | dx


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p−1 |∇ vε | dx


(because ‖fε − f‖∞ ≤ c ε
r then ‖gε − g‖∞ ≤ c ε
r too, and this from known
inequality for p′ ≥ 2 (see for example Lemma 3.1 in [12])
∀X,Y ∈ RN , ∃c > 0









































































cεr(p−1), if 0 < r < 1,
cεp−1, if r ≥ 1.













fε uε dx =
∫
Ω




















fε vε dx +
∫
Ω
wε( fεg − |f |
p′) dx
∣∣∣∣∣∣
≤ c ‖ vε ‖Lp(Ω) + cε
r,
finally we obtain ii) by using i).
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